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Comment on "Electron screening and excitonic 
condensation in double-layer graphene systems" 

Recently we[ll, Q predicted that a clean 3] double- 
layer graphene system with a small layer separation and 
nested electron and hole Fermi spheres induced by ex- 
ternal gates will exhibit pair-condensation Q at temper- 
atures ~ 0.1ei?[l[, where e^^^ is the Fermi energy of the 
gate-induced electron gases. A very different conclusion 
was reached in a recent preprint Q by M. Y. Kharitonov 
and K. Efetov who conclude that the maximum pair- 
condensation temperature is ~ 10~^e_F. The stark con- 
trast between these estimates is a combined consequence 
of the different approximations used for the effective in- 
terlayer interaction and the extreme sensitivity of the 
condensation temperature to the strength of this inter- 
action when it is weak. 

Kharitonov and Efetov's estimate for the critical tem- 
perature is based on using a mean-field-theory linearized 
Tc equation combined with Thomas-Fermi screened in- 
terlayer interactions. As already discussed in our origi- 
nal paper, we agree with Kharitonov and Efetov that low 
transition temperature estimates follow from this proce- 
dure: " Screening and other beyond-mean- field induced- 
interaction effects are difficult to describe. In the case of 
weakly interacting atomic gases induced interaction ef- 
fects can[18] either increase or decrease Tc, depending 
on the number of fermion flavors g. For the present 
Coulomb interaction case, a static Thomas-Fermi screen- 
ing approximation with normal state screening wavevec- 
tors reduces interaction strengths very substantially when 
spin and valley degeneracies (g = 4) Cire included. ■ ■ ■ On 
the other hand, when the screening wavevectors are evalu- 
ated in the condensed state there is little influence on Tkt 
at small kpd both because the large gap weakens screen- 
ing and because Tkt is proportional to the Fermi energy 
and not to the interaction strength in this limit. All this 
leads us to suspect that at low-temperatures there is a 



first- order phase transition as a function of layer separa- 
tion d between condensed and electron-hole plasma states, 
similar to the transitions studied experimentally [19] in 
quantum Hall exciton condensates and theoretically [201 
in parabolic band bilayers." References [18-20] in Ref.[l| 
are listed here as References [5-7]. We elaborate on our 
views below. 

Corrections to mean-field-theory estimates of Tc can 
be treated rigorously only in the limit of weak short- 
range interactions 0. For the circumstance j8| treated in 
Ref.[|l], induced interactions corrections reduce Tc for 
g = 2, but enhance Tc for g — A. When interlayer in- 
teractions are strong, the static screening approximation 
used by Kharitonov and Efetov does not represent a sys- 
tematic improvement on mean-field theory even if the 
number of fermion flavors is large. Nevertheless, our as- 
sessment of the importance of screening for spontaneous 
bilayer coherence follows from the observation that two 
distinct solutions emerge when mean-field theory is con- 
sistently combined with Thomas-Fermi screening theory, 
the low Tc solution discussed by Kharitonov and Efetov 
and a high Tc solution. In our opinion the low Tc solution 
is unlikely to be physically realistic at any layer separa- 
tion; we predict instead that there is a first-order phase 
transition as a function of layer separation between a 
state without spontaneous coherence and a high-Tc state 
as discussed in Ref . [ Jj . 

The influence of screening on the interlayer and in- 
tralayer interactions in bilayer systems was considered 
long ago in the context of semiconductor based bilayers. 
In the absence of interlayer coherence it is common prac- 
tice to estimate the screened potentials using the random 
phase approximation. However, in the condensed state 
it is more difficult to consistently account for dynamical 
screening and we resort to the Thomas Fermi approx- 
imation. Within that approximation a straightforward 
calculation for the screened potentials of a balanced bi- 
layer yields 
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where the plus sign corresponds to the screened intralayer 
potential and the minus sign to the screened interlayer 
potential. Here Vs = 27re^/eg is the 2D Coulomb in- 
teraction between electrons in the same layer, Vd — 
exp(— g(i)Vs is the interlayer interaction with d being the 
distance between layers, and 

n±=Hs±Hi3. (2) 

In Eq.( [2]), H5 and Hu are respectively the static in- 



tralayer and interlayer polarization operators that relate 
a shift in the chemical potential (relative to the elec- 
trostatic potential) in one layer to the corresponding 
density in the same-layer (S) or in the opposite layer 
(L)=different). We note that Hd differs from zero only 
in the condensed state. Only then does the density in 
one layer depend on the chemical potential of the other 
layer. 

In the normal state H^ vanishes and Us = gvo where 



2 



Vq is the density-of-states at the Fermi energy per valley 
and spin in either layer and 5 = 4. It then follows that 
the screened interlayer interaction is 

ysc ^ J_ Itf exp(-gd) ^ 1 

^ vog q + S^TF + Qtf [1 - exp(-2gd)] /q ~ 2z^o5 

(3) 

where q-n? = STre^gi'o/e is the Thomas- Fermi wave vec- 
tor. We have calculated the mean field critical tempera- 
ture with this interaction and found that Tc ~ 6 - 10~^ei?. 
Although not in complete agreement with the estimate 
of Kharitonov and Efetov, we fully agree that this anal- 
ysis predicts a small value of Tc rendering the pair- 
ing phenomena improbable in realistic disordered bilayer 
systems Q. 

Quite a different conclusion is reached if Thomas- Fermi 
screening theory is applied consistently in the condensed 
state. While n_ retains it normal state value gi^Q, 

U+^gY,dE,n,{Ek) (4) 

k 

is considerably reduced. Here Ek is the energy of a quasi- 
particle in the condensed state. In fact, due to the excita- 
tion gap n_|_ vanishes at zero temperature. Surprisingly 
at low temperatures Vg'^ « {Vs + Vd)/2 and hence, the 
mean-field theory gaps tend to be even larger than when 
screening is neglected. Although we do not take this ar- 
gument for enhanced interactions particularly seriously, 
we conclude that interlayer phase coherence is completely 
consistent with naive Thomas Fermi screening consider- 
ations. 

At high temperatures II-i- ^ qvq as well, screening sub- 
stantially diminishes the order parameter and the system 
undergoes a first order phase transition into the normal 
phase. It follows from Eq.ljl]) that the transition to the 
normal state occurs when A ~ T. As a consequence, the 
mean field Tc overestimates the real critical temperature. 
Nevertheless, mean field theory is adequate for determin- 
ing the Kosterlitz-Thouless temperature, Tkt, as long as 
A(Tkt) ^ Tkt- We expect this condition to be satisfied 
in the strongly interacting regime where A(Tkt) ~ ^(0). 

In the absence of experimental studies of graphene 
double-layer systems, we can attempt to take guid- 
ance from two other partially related systems in which 
electron-pair condensation has been achieved. A combi- 
nation of experiment, quantum Monte-Carlo, and var- 
ious approximate calculations suggests that cold-atom 
fermions with strongly attractive interactions are rea- 
sonably well described at low-temperatures by including 
collective fluctuations around the BCS mean-field theory 
state. Moreover, at unitarity numerical calculations find 
that Tc « 0.2E^ 0. 

A closer comparison is possible between graphene- 
bilayers and semi-conductor based bilayers in the quan- 
tum Hall regime. In this case the Kharitonov and Efetov 



estimate would yield Tc — > because the Thomas-Fermi 
screening wavevector diverges in concert with the zero- 
width of 2D Landau bands. Although experiments are 
not yet able to extract unambiguous signals of a finite- 
T phase transition, it is nevertheless clear that sponta- 
neous coherence anomalies begin to emerge below the 
Kosterlitz-Thouless temperature estimated by a T = 
mean-field-theory phase stiffness calculation. Moreover 
it is known[l3| that spontaneous interlayer phase coher- 
ence occurs at small layer separations irrespective of the 
number of fermion flavors. 

Admittedly, an accurate estimate for the critical 
temperature in the strongly interacting regime kj^d < 1 
does not exist at present [lH. Nevertheless we feel 
that the attractive features of graphene bilayers: high 
carrier densities, high electron and hole Fermi energies, 
and nearly-perfect particle-hole symmetry suggest that 
interesting and novel phenomena are likely in this 
system. We hope that the intriguing thermodynamic 
and transport aspects of bilayer graphene as well as its 
potential use in applications encourage experimentalists 
to construct this system and explore its electrical 
properties in different geometries ■ 
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